Advances in Mathematics 283 (2015) 155-194

Contents lists available at ScienceDirect

Advances in Mathematics

www.elsevier.com /locate/aim

MATHEMATICS

On subordination of holomorphic semigroups’

Alexander Gomilko

“
(§
g

@ CrossMark

, Yuri Tomilov “*

& Faculty of Mathematics and Computer Science, Nicolas Copernicus University,
ul. Chopina 12/18, 87-100 Torun, Poland

b Institute of Telecommunications and Global Information Space, National
Academy of Sciences of Ukraine, 13, Chokolivsky Blvd, 03186 Kyiv, Ukraine

© Institute of Mathematics, Polish Academy of Sciences, Sniadeckich Str. 8,

00-956 Warsaw, Poland

ARTICLE INFO

ABSTRACT

Article history:

Received 6 August 2014

Received in revised form 17 May
2015

Accepted 24 May 2015

Available online 28 July 2015
Communicated by Dan Voiculescu

MSC:
primary 47A60, 47D03
secondary 46N30, 26A48

Keywords:

Holomorphic Cy-semigroup
Bernstein functions
Subordination

Functional calculus

We prove that for any Bernstein function ¢ the operator
—1(A) generates a bounded holomorphic Cp-semigroup
(e=*));5o on a Banach space, whenever —A does. This
answers a question posed by Kishimoto and Robinson.
Moreover, giving a positive answer to a question by Berg,
Boyadzhiev and de Laubenfels, we show that (e_“/’(A))tzo
is holomorphic in the holomorphy sector of (e7'4);>o,
and if (e7*4);>¢ is sectorially bounded in this sector then
(e=(A)),;5o has the same property. We also obtain new
sufficient conditions on % in order that, for every Banach
space X, the semigroup (e‘tw(A))tZO on X is holomorphic
whenever (e~*4);>¢ is a bounded Cp-semigroup on X. These
conditions improve and generalize well-known results by
Carasso—Kato and Fujita.

© 2015 Elsevier Inc. All rights reserved.

* This work was partially supported by the NCN grant DEC-2014/13/B/ST1/03153 and by the EU grant
“AOS”, FP7-PEOPLE-2012-IRSES, No. 318910.

* Corresponding author.

E-mail addresses: alex@gomilko.com (A. Gomilko), ytomilov@impan.pl (Y. Tomilov).

http://dx.doi.org/10.1016/j.2im.2015.05.016
0001-8708/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.aim.2015.05.016
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:alex@gomilko.com
mailto:ytomilov@impan.pl
http://dx.doi.org/10.1016/j.aim.2015.05.016
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2015.05.016&domain=pdf

156 A. Gomilko, Y. Tomilov / Advances in Mathematics 283 (2015) 155-19/

1. Introduction

The present paper concerns operator-theoretic and function-theoretic properties of
Bernstein functions and solves several notable problems which have been left open for
some time.

Bernstein functions play a prominent role in probability theory and operator theory.
One of their characterizations, also important for our purposes, says that a function
¥ : (0,00) — [0, 00) is Bernstein if and only if there exists a vaguely continuous semigroup
of subprobability Borel measures (y);>0 on [0, 00) such that

e N = /e‘AS we(ds), A >0, (1.1)
0
for all ¢ > 0.
Let now (e~*4);>0 be a bounded Cp-semigroup on a (complex) Banach space X with

generator —A. The relation (1.1) suggests a way to define a new bounded Cp-semigroup

(e7'B)i>0 on X in terms of (e7*4),>¢ and a Bernstein function 1 as
oo
e B = /e_SA e (ds), (1.2)
0

where (p)t>0 is a semigroup of measures given by (1.1). Following (1.1), it is natural
to define 1(A) := B. As it will be revealed in Subsection 3.3 below, such a definition of
Y(A) goes far beyond formal notation and it respects some rules for operator functions
called functional calculus.

The semigroup (e~*¥(4),5 is subordinated to the semigroup (e~*4)

+>0 via a sub-
ordinator (u¢)¢>0. The basics of subordination theory was set up by Bochner [4] and
Phillips [27]. This approach to constructing semigroups is motivated by probabilistic ap-
plications, e.g. by the study of Lévy processes, but it has also significant value for PDEs
as well. As a textbook example one may mention a classical result of Yosida expressing
(7' )50, a € (0,1), in terms of (e~*4);>0 as in (1.2), see e.g. [33]. The essential feature
of this example is that Cjy-semigroups (e_tAa)tzo turn out to be necessarily holomor-
phic. This fact stimulated further research on relations between functional calculi and
Bernstein functions, see e.g. [31] and [32]. Some of them are described below.

An easy consequence of (1.2) is that for a fixed Bernstein function ¢ the mapping
M:—Aw— —p(A) (1.3)

preserves the class of generators of bounded Cy-semigroups, and it is natural to ask
whether there are any other important classes of semigroup generators stable under M.
In particular, whether M preserves the class of holomorphic Cy-semigroups. The question
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was originally asked by Kishimoto and Robinson in [18, p. 63, Remark]. It appeared
to be quite difficult and there have been very few general results in this direction so
far.

A partial answer to the Kishimoto—Robinson question was obtained in [3] where the
question was formulated in another form: whether M preserves the class of sectorially
bounded holomorphic Cyp-semigroups? It was proved in [3, Theorem 7.2] that for any
Bernstein function ¢ the operator —i(A) generates a sectorially bounded holomorphic
Co-semigroup of angle 7/2, whenever —A does. Moreover, if —A generates a sectorially
bounded holomorphic Cp-semigroup of angle greater than 7/4 then —(A) is the gen-
erator of a sectorially bounded holomorphic Cy-semigroup as well [3, Proposition 7.4].
However, in the latter case, the relations between the sectors of holomorphy of the two
semigroups was not made precise in [3].

An affirmative answer to the Kishimoto—Robinson question for uniformly convex Ba-
nach spaces X was obtained in [24] using Kato—Pazy’s characterization of holomorphic
Cy-semigroups on uniformly convex spaces. In fact, a positive answer to the question in
its full generality was also claimed in [21]. However, there seems to be an error in the
arguments there (see Remark 4.8 for more on that), and moreover the permanence of
sectors and thus the sectorial boundedness of semigroups has not been addressed in [21]
and [24].

Another class of problems related to M concerns Bernstein functions v yielding semi-
tA)tZ(), as in
Yosida’s example with ¢¥)(A\) = A%, a € (0, 1). In particular, it is of value to know when

groups (e‘tw(A))tZO with better properties than the initial semigroup (e~

Bernstein functions transform generators of bounded Cy-semigroups into generators of
bounded holomorphic Cy-semigroups. (Here the boundedness of the semigroup is as-
sumed only on the real half-line.) Bernstein functions having this property will further
be called Carasso—Kato functions since the first general results on their structure are
due to Carasso and Kato [6]. In particular, [6, Theorem 4] gives a criterion for a Bern-
stein function ¢ to be Carasso-Kato in terms of the semigroup (u¢):>o corresponding
to ¢ and also a necessary condition for that property in terms of ¢ itself. Note that
while a characterization of a Carasso-Kato function ¢ in terms of (u;)¢>0 exists, it can
hardly be applied directly since it is, in general, highly nontrivial to construct (u)i>0
corresponding to . Thus it is desirable to have direct characterizations of Carasso—Kato
functions.

Certain sufficient conditions for a Bernstein function to be Carasso—Kato were ob-
tained in [6,9,22,23,30]. Interesting applications of Carasso—Kato functions can be found
in [5,10,19]. We note also [7] where similar results were obtained in a discrete setting.

Our approach to the two problems on M mentioned above relies on certain extensions
of the theory of Bernstein functions and its applications to operator norm estimates by
means of functional calculi. Observe that the problems are comparatively simple if ¥ is
a complete Bernstein function [3]. Thus it is natural to try to use this partial answer in
a more general setting of Bernstein functions. Our main idea relies on comparing a fixed
Bernstein function 1 to a complete Bernstein function ¢ associated to v in a unique way.
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It appears that the functions 1 and ¢ are intimately related and the behavior of ¢ and its
transforms match in a natural sense the behavior of ¢ and the corresponding transforms.
So our aim is to show that for appropriate z the “resolvent” functions (z + (-))~! and
(z+¢(+))~! differ by a summand with good integrability (and other analytic) properties
and then to recast this fact in terms of functional calculi. The latter step is not however
direct and to perform it correctly and transparently we have to use an interplay between
several well-known calculi. Apart from answering the questions from [18] and [3], another
advantage of our approach is that we have a good control over fine properties of 1)(A),
thus deriving the property of permanence of angles under the map M.

Our functional calculus approach leads, in particular, to the following statement which
is one of the main results in this paper.

Theorem 1.1. Let —A be the generator of a bounded holomorphic Cy-semigroup of angle
0 € (0,7/2] on a Banach space X. Then for every Bernstein function ¢ the operator
—1p(A) generates a bounded holomorphic Cy-semigroup of angle 0 on X as well. More-
over, if —A generates a sectorially bounded holomorphic Cy-semigroup of angle 0, then
the same is true for —(A).

The functional calculus ideas allow one also to characterize the Carasso—Kato property
of ¢ if ¥ is a complete Bernstein function, i.e. if, in addition, ¥ extends to the upper
half-plane and maps it into itself. The characterization given in Corollary 5.8 below is a
consequence of the following interesting result (see Theorem 5.7).

Theorem 1.2. Let 1) be a complete Bernstein function and let v € (0,7/2) be fized. The
following assertions are equivalent.

(i) The function v maps the right half-plane into the sector ¥, := {A € C: |argA| < v}.

(ii) For each (complexr) Banach space X and each generator —A of a bounded
Co-semigroup on X, the operator —i)(A) generates a sectorially bounded holomor-
phic Cy-semigroup on X of angle w/2 — .

Moreover, we are able to strengthen essentially the results by Fujita from [9] removing
in particular several assumptions made in [9].

Theorem 1.3. Let ¢ be a Bernstein function. Suppose there exist 0 € (w/2,7) and r > 0
such that ¥ admits a holomorphic extension to ¥g, and

0 < arg(yp(N)) < /2 if  O0<argA<@ and |N>r (1.4)

If —A s the generator of a bounded Cy-semigroup on a Banach space X, then the
(bounded) Co-semigroup (e~**A))i>q is holomorphic in S, with 6y = (1 — m/(20)).
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Let us describe the structure of our paper. The paper is organized as follows. Sec-
tion 2 contains basic information on Bernstein functions together with new notions and
properties which are related to Bernstein functions and are crucial for the sequel. In Sec-
tion 3, we review functional calculi theory needed for the proofs of our main results and
prove several auxiliary statements. Section 4 is devoted to the proof of one of our central
results, Theorem 1.1. In Section 5, we study Carasso—Kato functions and complement
and strengthen the corresponding statements by Carasso—Kato and Fujita. Finally, in
Appendix A, we comment on alternative ways to prove Theorem 1.1.

We finish the introduction with fixing some notation for the rest of the paper. For a
closed linear operator A on a complex Banach space X we denote by dom(A) and p(A)
the domain and the resolvent set of A, respectively. If a linear operator A is closable,
then we denote its closure by A. The space of bounded linear operators on X is denoted
by L(X).

The Laplace transform j of a Laplace transformable measure p will be defined as
usual as

A i= [ p(as)
0

for appropriate A. For a set S C C, its closure will be denoted by S.
Finally, we let

Cy:={N€C:ReA>0}, H':={Ae€C:ImA >0}, and R, :=]0,00),
and for 8 € (0, 7], we denote
Ypi={reC:larg| <}, ZFf={AeC:0<argA<f}, and Xg:=(0,00).
2. Bernstein functions

This section will lay a function-theoretic background for our functional calculi con-
siderations in the subsequent sections. We will present several properties of Bernstein
functions useful for the sequel, and we will show how any Bernstein function can be
approximated by a complete Bernstein function. Some of the properties of Bernstein
functions proved below are certainly known, but we were not able to find the explicit
references to them in the literature. As a general reference for the theory of Bernstein
functions we mention [32].

We start by recalling one of possible definitions of a Bernstein function.

Definition 2.1. An infinitely differentiable function ¢ : (0, 00) +— [0, 00) is called Bernstein
if its derivative 1)’ is completely monotone, i.e.
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V() = /e_)‘su(ds), 2> 0, (2.1)
0

for a Laplace transformable positive Borel measure v on [0, 00).

The class of Bernstein functions will be denoted by BF. The standard examples of
Bernstein functions include 1 — e~*, log(1 + A), and A%, o € [0, 1].

By [32, Theorem 3.2], v is Bernstein if and only if there exist a,b > 0 and a positive
Borel measure p on (0, 00) satisfying

S
/ s u(ds) < oo
0+
such that
P(A\) =a+ b+ /(1 — e M) u(ds), A >0, (2.2)
0+

where we write the Lebesgue integral [ (0.00) 35 Jos- The formula (2.2) is called the Lévy-
Hintchine representation of 1. The triple (a,b, 1) is defined uniquely and is called Lévy
triple of . We will then often write ¢y ~ (a,b, ) meaning the Lévy—Hintchine repre-
sentation of ¢. Every Bernstein function extends analytically to C; and continuously
to C4. In the following Bernstein functions will be identified with their continuous ex-
tensions to C,. It is instructive to note that the set BF is closed under composition
[32, Corollary 3.8, (iii)]. There is a profound theory of Bernstein functions with many
implications in functional analysis and probability theory. For a comprehensive account
of that theory, we refer the reader to a recent book [32].

Geometric properties of Bernstein functions will be of particular importance for us,
in particular, the fact that a Bernstein function preserves angular sectors symmetric
with respect to Ry, see e.g. [32, Proposition 3.6]. For later use, we state this result as a
proposition below.

Proposition 2.2. Let ¢ € BF. Then for every w € (0,7/2],
Y(X) C e (2.3)

(In fact, (2.3) is a property of all holomorphic functions preserving C, and (0, c0),
see e.g. [29, Theorem 2].)

We will also need several simple estimates of Bernstein functions given in the following
proposition.
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Proposition 2.3. Let ¢ € BF.

(i) For ally >0, B €[0,7/2] such that v+ 8 <,

|2+ 9N)] = cos((v+ 6)/2) (Iz[ + [¥ (N, z€2,,  AeXp.

(ii) One has
Re(¥(A) 2 ¥(Red), A eCy.
(iii) There exists ¢y, > 0 such that
WA < cylAl,  AeCy, [A>1.
(iv) For all B €10,7/2),
W) = AW (1) cos B,  AEXs, [N <L
Proof. To prove (i) it suffices to observe that

|2+ Al = cos((B+7)/2) (Il +1A]), z€X,, AeZg.

161

(2.4)

(The inequality above is evident if one considers the vectors z and —A, notes that the

angle between them is at most m— (8+), and drops perpendiculars from their endpoints

onto the bisector of the angle.) Then (i) is a direct consequence of Proposition 2.2

and (2.4).
To obtain (ii), note that

Re(l—e M) >1—e R NeC,,

and use the Lévy—Hintchine representation for .
To prove (iii), observe that if ¢ ~ (a,b, ) then (2.2) yields

o0

1
WQMSa+wM+wM/GHMQ+2/uw@7 AeCy,
0+ 1

and (iii) follows.

Furthermore, since ¥(s\) < stp(A) for A > 0 and s > 1 (see [16, p. 205]), (ii) implies

that for any 8 € [0,7/2):

W] = B(\)cos B, Ae .

(2.5)
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Using
M) <P, A0 (2.6)
(see [16, p. 204]), we have

A Z A (A = " (WA, A€ (0,1]. (2.7)
Now (2.5) and (2.7) yield (iv). O

It is often convenient to restrict one’s attention to a subclass of Bernstein functions
formed by complete Bernstein functions. It has a rich structure which makes it especially
useful in applications. A Bernstein function ¢ is said to be a complete Bernstein function
if the measure p in its Lévy—Hintchine representation (2.2) has a completely monotone
density with respect to Lebesgue measure. The set of all complete Bernstein functions
will be denoted by CBF.

The class of complete Bernstein functions allows a number of characterizations. The
ones relevant for our purposes are summarized in the following statement, see e.g. [32,
Theorem 6.2].

Theorem 2.4. Let ¢ be a non-negative function on (0,00). Then the following conditions
are equivalent.

(i) ¢ € CBF.
(ii) There exists a (unique) Bernstein function ¢ such that

o(A) = A%P(N), A>0. (2.8)
(iii) ¢ admits a holomorphic extension to H' such that
Im(p(X)) >0 forall N€ H',
and such that the limit
= 1.
p(0+) = lim o(})

exists.
(iv) @ admits a holomorphic extension to C\ (—oo, 0] which is given by

oo

Lp()\):a+b)\+/

0+

Ao(ds)
A+s’

(2.9)

where a,b > 0 and o is a positive Borel measure on (0,00) such that
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/‘i(iss) < . (2.10)
0+

The triple (a,b,0) is defined uniquely and it is called the Stieltjes representation
of .

Using Theorem 2.4, (iii) it is easy to see that, for instance, A%, & € [0, 1], and log(1+\)
belong to CBF, while 1 —e~* ¢ CBF. Another implication of this statement is that the
composition of complete Bernstein functions is complete Bernstein. Note also that if
¢ € CBF then for each 6 € [0,7) there exists Cp > 0 such that |p(N\)| < Cy|A| for all
A € ¥y with |A] > 1. This follows directly from (2.9).

The next statement sharpens Proposition 2.2 in a specific situation when complete
Bernstein function has its range in a sector smaller than the right half-plane.

Proposition 2.5. Let ¢ € CBF, ¢ # const, and suppose that
P(Cy) C z, (2.11)
for some v € (0,7/2). Let 6y € (n/2,7) be defined by

coty

Ol = ———. 2.12
| cos bol 1+ coty ( )
Then for every 8 € [m/2,6y] one has
p(36) C Xg,
where 6 € (0,7/2] is given by
~ 1 t t
cot § := +,CO R |cosf| ) . (2.13)
sin 0 14 cotry

Proof. From (2.11) it follows that ¢ has the Stieltjes representation (a,0, ). Note that

N r(r 4+ tcosf) o(dt)
wlre )_a+/r2+t2+2rt0059
0+

oo

) rto(dt)
in 0 0 0 2.14
s /r2+t2+2rtc050’ r>0, ol <m (2.14)

0+
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and Im(¢(re®)) > 0 for 7 > 0 and 6 € (0, 7). Setting 6 = 7/2 in (2.14) and using (2.11),
we infer that

T o(dt) Tt o(dt)
+/r2—|—t2 Zcot'y/ SRR r > 0. (2.15)
0+ 0+

Moreover, observe that for every 6 € [r/2,7), and all r,t > 0,

1 1 1
< < .
r24+t2 7 r2 4424 2rtcos® — (1 —|cosb|)(r? +¢2)

(2.16)

Hence, if 8 € [1/2,60], where 6y is defined by (2.12), then by (2.14), (2.16) and (2.15)
we obtain

r% — rt|cosd|
r2 + 2 + 2rtcos 6

Re(p(re’)) > a + /

0+

< +/r2 o(dt)  |cosb| rto(dt)
= 2442 1—|cos€| r2 + 2

o0
| cos 6] / rt
ty — dt
(COW 1 —cosd| 7"2+t20( )
+

_|cosO] 7 rto(dt)
1- 6
( 1 —|cosf| (1= Jcosfl) r2 + 2 + 2rtcosf
0+

= a(0) Im(p(re')),

o(dt)

where a(f) is given by the right hand side of (2.13). Note that
a(fy) =0, a(r/2)=coty and «(f) >0 if 6€[r/2,00).
Moreover,

coty|cosd| — (1 + cot ) 1
) S )
sin“ 0 sin” 0

o (0) = <0, 0¢€[n/260],

hence the function « is positive and decreasing on [7/2, 6]. Therefore, for all § € (7/2,0,)
and 0" € (7/2,0) we have

Re(gp(reie/)) > () Im(ap(reiel)) > «a(h) Im(cp(rew/)) = cot §Im(<p(rei9/)).

On the other hand, if ' € (0,7/2] then, by our assumption,
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Re(p(re’®’)) > cotyIm(o(re®)) > a(8) Im(o(re)) = cot HIm(p(re’)).
Thus,
p(Zy) C T,

and, in view of p(re=%) = p(rei?), the proposition follows. O

Let ¢ € BF. By Theorem 2.4, (ii), we have h(X) := )\212()\) € CBF. From Theorem 2.4,
(iii), it follows that @(A) := Ah(1/X) € CBF, and

©(A) = A" 1p(1/N). (2.17)

We will say that ¢ € CBF given by (2.17) is associated with ¢ € BF.

The notion of associated complete Bernstein function will be of primary importance
in this paper, and we will first collect its several properties in Lemma 2.7 below. To this
aim, the next auxiliary statement will be useful.

Lemma 2.6. Define

_ 1 DY =
A(N) = T\ e ", AeCy. (2.18)
Then
4107 =
A < . 2.1
A< e AT (219)

Proof. Observe that

1 %)
A(N) = /\2/64‘3(8—1+e*s)ds+)\2/e*(’\+1)sd8, AeC,.
0 1

Since
52 2
—1 s < < 0
s +e S50 e = (s+1)2 s>,
we then have
1 1—Re A 4
e e
)\,2 AN < £ —s(Re A+1) 2d <
AR < § [ Dstas s T < s
0

for A eCy. O
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Lemma 2.7. Let o € CBF be associated with 1 € BF and let ¢ ~ (a,b, ). Then

a) @ admits the representation

(oo}

e(A) =a+b>\+/)fi7(;lz), AeC\ (—o0,0];
0+
b) one has
Re(¥(A)) = ¢(Red), A eCyy
c) one has

[W(A) — (V)] < 2APle"(Re )], AeCy, (2.20)
and, moreover, for every 8 € (0,7/2),

B — o] < 2L RN, A€ Es ) {0 (2.21)

d) ¥ is bounded on Ry if and only if ¢ is bounded on Ry. Moreover, if either ¢ or
@ is bounded on R, then for any B € (0,7/2), the limits limy o0 xex, Y¥(A) and
limy 00, xex, ©(A) exist and are equal.

Proof. The assertion a) follows directly from (2.17) and (2.2). To prove b) we note that

-
1—e 7>

> 0.
147 T

Then, setting u = Re A > 0, from Proposition 2.3, (ii) and a), it follows that

oo

Re((A) > t(u) = a + bu + / (1 - e7%) u(ds)
0+

oo

Za_’_bu_‘_/us,u(ds)
1+ us
0+

p(u),

so that b) holds.
Let us now prove c¢). Observe that by Lemma 2.6 and a),

BN — p(N) = / A(As) pu(ds), A€ Cs (2.22)
0+
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where A is defined by (2.18). By a),

(oo} 2 ds)
niyy — o [ 5K .
Y /(1+)\s)3’ A€y
0+

Then, using Lemma 2.6 and (2.22), it follows that

r [ s?u(ds) )
|MM¢MN§1PMMMWM§4WZKO+MW2MW¢W%

so that (2.20) holds.

To show (2.21), we note that ¢ € CBF implies |s¢”(s)] < 2¢/(s), s > 0, see [16,
p. 205]. Using (2.20) and observing that cos 5|A| < Re A, A € X3, we obtain (2.21).

To prove the first statement in d), it suffices to note that if either ¢ or ¢ is bounded
then b = 0 and the measure p is bounded by Fatou’s theorem, see [32, Proposi-
tion 3.8, (v)]. Moreover, since |A(X)] <2, A € C, and

lim  |JA(\)| =0,
A—00,AEX g
for any 8 € (0,7/2), the equality (2.22) implies the second assertion in d) by the bounded
convergence theorem. 0O

Now we are ready to prove the main result of this section providing an estimate for the
difference of “resolvents” of a Bernstein function and the complete Bernstein function
associated to it.

Theorem 2.8. Let ¢ € CBF be associated with v € BF. Let w € (n/2,7) and z € ¥, be
fized. If

1 1

r A= TN T T ey

Ae ZTA’—UJ?

then the function r(-; z) is holomorphic in X._,, and for every 5 € (0,7 — w):

L a] 8
/ Ir(A; Z”W < cos? Bcos?((w + B)/2) |2|
o5,

Proof. Note first that 7 —w € (0, 7/2). Since by Proposition 2.2, the functions ¢ and ¢
preserve sectors, z + 1 and z + ¢ are not zero at each point from ¥, _,,. As ¢ and ¢ are
holomorphic in C;, the holomorphy of 7(-, z) in X, _,, follows.

Let now 8 € (0,m —w) and 0 # X\ € X3, z € X,. If K = cos((w + 3)/2), then by
Proposition 2.3, (i), we have
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i () — ()]
EAr2l < oDl + o) (2.23)

Let us estimate the numerator and the denominator in the right hand side of (2.23)
separately. By (2.21),

@' (Re ),
and, moreover, Proposition 2.3, (ii) and Lemma 2.7, b) yield

(2 + [ Dz + (D) = (2] + Re(®(A))(l2] + Re(p (1))
> (J2] + (Re V).

Thus, if A = te**?, ¢t > 0, then

4t @' (tcos B)

K2|lr(\;2)] < . 2.24
X S S B T + ol cos )2 229
Hence,
d)\| ¢ (tcos ) dt
K? (A A
/|r A0 [Al *cosﬁ |z|+g0tcos,6’))

%4
- 0052 Blz|’
and Theorem 2.8 follows. O

Corollary 2.9. If r(); z) is defined as in Theorem 2.8, then for all z € £, and A € Lg:

1 r(p; 2) dp
- b 2.2
e (225)
%4
and
/wd)\—o k=01 (2.26)
()\ + 1) - b ) .

B3P

where the contour 0¥z is oriented counterclockwise.

Proof. If ¢ is unbounded on R, then ¢ is unbounded on R as well by Lemma 2.7, d),
so using (2.24) and (2.6) we obtain that

r(A;z)| =o0(1) wuniformly in X € X5, A — oo, 2.27
B
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for any z € X,. If ¥ is bounded on R, then (2.27) follows directly from (2.23) and
Lemma 2.7, d). Now (2.27), Theorem 2.8 and a standard argument based on Cauchy’s
integral formula yield the representation (2.25). Finally, (2.26) is a consequence of (2.27)
and Theorem 2.8. O

We finish this section with formulating Bochner’s theorem which is at the heart of
the notion of subordination. Recall that a family of positive Borel measures (u)¢>0 on
[0, 00) is called a vaguely continuous convolution semigroup of (subprobability) measures
if for all ¢,s > 0,

pe([0,00)) < 1, Mits = Mt * [, and vague — lim p; = do,
t—0+

where dy stands for the Dirac measure at zero, and * denotes convolution. Note that
necessarily o = dp. The following classical result due to Bochner can be found e.g.
in [32, Theorem 5.2].

Theorem 2.10. The function v : (0,00) — [0,00) is Bernstein if and only if there exists
a (unique) vaguely continuous convolution semigroup of subprobability measures (t)i>o0
on [0,00) such that

(N = / e py(ds) = e x>0, (2.28)
0

for allt > 0.
3. Preliminaries on functional calculi

In this section, we present basics on the functional calculi theory important for the se-
quel. We also prove several auxiliary results on continuity and compatibility of functional
calculi.

3.1. Sectorial operators and holomorphic functional calculus

There are several ways to define a function of a sectorial operator. Probably the most
well-known approach to that task is provided by the holomorphic functional calculus. We
set up this calculus below omitting some crucial details and referring to [13, Sections 1-2]
and [20] for more information.

A closed, densely defined linear operator A on X is called sectorial of angle w € [0, 7)
if C\ X, C p(A) and

M(A,w) = sup{|AC = A) [ : A ¢ S} < o0

for all w" € (w, 7). The set of sectorial operators of angle w will be denoted by Sect(w).
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It is well-known that A is sectorial if and only if (—o00,0) C p(A4) and

M(A) :=sup||s(s + A) 7| < oo, (3.1)
s>0

see e.g. [13, Proposition 2.1.1, a)].
For 6 € (0, ), let

HE®(39) :={f € O(Zp) : |[f(N)] < Cmin(]A|*, |A|~*) for some C,a > 0},
where O(3y) denotes the algebra of all holomorphic functions in 3g. Let also
B(Zg) = {f € O(Z0) : | f(N)| < Cmax (|]A|*,[\[~*) for some C,a >0} .

Let A € Sect(w), and let w < @ < 7. For f € H§°(Xp), define

B(f) = f(A) : 2m/f YA — A) (3.2)

0%,

where 0%, is the downward oriented boundary of a sector X, with w’ € (w, ). This
definition is independent of w’. The mapping @ is said to be the holomorphic functional
calculus for A.

The holomorphic functional calculus ® can be extended to a larger class of holomor-
phic functions. Given f € B(Xy), let e € H§(3g) be such that ef € H3(Xy) and the
operator ®(e) = e(A) is injective. Then we define

O (f) = (A) = [e(A)] " (ef)(A), (3.3)

with the natural domain. The mapping ®. is called the extended holomorphic functional
calculus for A. Such a definition does not depend on the choice of the function e called
requlariser, and moreover, f(A) is a closed operator in X. Note that if A is injective
and 7(A) := (1+/\)2,
sometimes considering injective A. In this case, one may put e = 7™ for large enough n.

then 7 (A) is injective for every n € N. In what follows, we will be

Note that after an appropriate identification we may consider our extended calculus
to be defined on the algebra

U B

O<y<m

We will frequently use the following properties of the extended holomorphic func-
tional calculus. For their proofs see e.g. [13, Theorem 1.3.2], [13, Theorem 3.1.2] and [13,
Proposition 3.1.4], respectively.
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Proposition 3.1. Let A € Sect(w).

(i) The sum and product rules: If f,g € B[X,], then

fLA) +9(A) C(f+9)(A)  and  f(A)g(A) C (fg)(A). (3-4)

Moreover, one has equality in the above relations if g(A) € L(X).

(i) If ¢ > 0, and qu < m, then A? € Sect(qw).

(i) The composition rule: Let ¢ € (0,1), and f € B[E45]. If A is injective, then f(A?) =
(f o A1) (A).

3.2. Hirsch functional calculus

We now define complete Bernstein functions of sectorial operators following Hirsch
and review some of their basic properties needed in the sequel. Let A be a sectorial
operator on X. The next definition was essentially given in [15, p. 255], see also [2].

Given f € CBF with Stieltjes representation (a,b,0) (see (2.9)), define
fo(A4) :dom(A) — X by

fo(A)x = ax + bAz + /A(s + A) "tz o(ds), x € dom(A).
0+

By (2.10) and (3.1), the integral above is absolutely convergent and fo(A)(1 + A)~!
is a bounded operator on X, extending (1 + A)~!fy(A). Hence fo(A) is closable as an
operator on X. Put

f(A) = fo(A

~—

: (3.5)

The operator f(A) is called a complete Bernstein function of A. Note that by the above
definition, dom(A) is core for f(A).

The mapping f — f(A) given by (3.5) is called the Hirsch functional calculus for A.
Several properties of this calculus are described below. Their proofs can be found in e.g.
[15, Théoréme 1-3].

Theorem 3.2. Let A be a sectorial operator on X, and let f and g be complete Bernstein
functions. Then the following statements hold.

(i) The operator f(A) is sectorial and

sup [|s(s + f(A)) 7| < sup [[s(s + A) 7.
s>0 s>0
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(ii) The composition rule: f(g(A)) = (f o g)(A). In particular, for ¢ € (0,1) define
Fo0) o= FOAT) and g1/4(N) = [g(V] /2. Then

fo(A) = f(AY),  and  [g1/4(A)]" =g(A) if g1/4 €CBF.

Note that, in contrast to Proposition 3.1, Theorem 3.2 does not require the injec-
tivity of A. However, Theorem 3.2 deals only with complete Bernstein functions, while
Proposition 3.1 holds for a larger class of functions.

3.8. Hille—Phillips functional calculus

Let My, (R4) be the Banach algebra of bounded Borel measures on Ry. If

AL(Cy) = {i: p € My(Ry)}

then Ai_ (C4) is a commutative Banach algebra with pointwise multiplication and with
the norm

[2llar cyy = llpllmy ey = 1l(R4),

where |p|(R4) stands for the total variation of y on R;.
Let (e7*);>0 be a bounded Cp-semigroup on X. Then the mapping ® : A} (C,) —
L(X) defined by

is a continuous algebras homomorphism. The homomorphism & is called the Hille—
Phillips (HP-) functional calculus for A, and one sets

Basic properties of the Hille-Phillips functional calculus can be found in [14, Chap-
ter XV].

As in the case of holomorphic functional calculus, the HP-calculus for A can be
extended to a larger class of functions. We will need a version of that extension procedure
suitable to our purposes. Setting e()) := 1/(A+ 1) € AL(C,), let A be the set of f
holomorphic in C; such that ef € AL(Cy). Then A is an algebra. For f € A define a
closed linear operator f(A) similarly to (3.3):

Ce(f) = F(A) = A+ AFN)A+X)T(A). (3.6)
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The mapping ®, given by (3.6) will be called the extended Hille-Phillips (HP-) calculus
for A. It is crucial to note that the extended HP-calculus satisfies the same sum and
product rules as in Proposition 3.1, (i) up to replacement of the algebra B[] by the
algebra A.

Since, according to [11, Lemma 2.5, for any ¢ € BF one has ¢(A)/(14+X) € AL(Cy),
one can define a Bernstein function ¢ of A by (3.6) in the extended HP-calculus, see [11]
for more details.

It was proved in [11, Corollary 2.6] that the formula (3.6) can be written in the follow-
ing more explicit and useful form which is an operator analogue of the Lévy—Hintchine
representation of .

Proposition 3.3. Let —A be the generator of a bounded Cy-semigroup (e=t4);>¢ on X,
and let o € BF, ¥ ~ (a,b, p). If (A) is defined by (3.6), then

o0

Y(A)x = ar + bAz + /(1 — e M u(ds), x € dom(A), (3.7)
0+

where the integral is understood as a Bochner integral, and dom(A) is core for p(A).

In other approaches to defining ¥(A) (see e.g. [27,16], [32, Chapter 13]), the represen-
tation (3.7) of ¥(A) holds as well. Thus, (3.7) allows one to use the standard results on
operator Bernstein functions in the framework of the extended HP-calculus. In particular,
in view of [32, Proposition 13.1 and Theorem 13.6], for any ¢ € BF the operator —y(A)
defined by (3.6) generates a bounded Cop-semigroup (e~*¥(4)),5 on X, and (e~*¥(A),5
can be represented in terms of 1/ and (e74);>0 as (2.28) suggests:

e (A = /e_SA pe(ds), t>0, (3.8)
0

where (pt)¢>0 is a vaguely continuous convolution semigroup of subprobability measures
on [0,00) corresponding to ¢ via (2.28).

The semigroup (e_W(A))tZO is called subordinate to the semigroup (e~ "*);>o with
respect to the Bernstein function ¢. The relation (3.8) implies that (—oo,0) C p(¢(A4))
and

tA

sup [|s(s +¢(A) 7| < sup[le” || < sup [l |- (3.9)
s>0 t>0 t>0

From Proposition 3.3 it follows that the composition rule for Bernstein functions of semi-
group generators proved in [32, Theorem 13.23, (iii)] holds in the setting of the extended
HP-calculus too: if 1, € BF and —A is the generator of a bounded Cp-semigroup,
then
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(Yo @)(A) = 9(p(A)). (3.10)

This is a version of the composition rule in Theorem 3.2, (ii).
The next approximation result will often be useful.

Proposition 3.4. Let —A be the generator of a bounded Cy-semigroup on X and let ¢ €
BF.

(i) If e > 0 then [ih(- + €) — (-)](A) € L(X) so that dom(th(A + €)) = dom(1b(A)) and
V(A+e) =v(A) + [U(- +¢) —v()I(A).
(ii) If z € dom(A) and e > 0, then
V(A + e)z —p(A)z| < MY (e) —1(0))]],

where M := sup> [[e”"4.
(iii) For all s >0 and z € X,

(s +(A+e) e — (s +v(A) 'zl =0.

lim ||
e—0+

Proof. To prove (i) and (ii), we note that if ¢ is a Bernstein function with the Lévy—
Hintchine representation (a, b, ) then for all € > 0 and \ € C,,

WO = 0 =bet [ (1= e ) p(ds)
0+

Hence, ¢(- +¢€) — ¢(-) € AL(Cy) and
[0+ €) = ()llay = ¥(e) —(0).
From here by the HP-calculus it follows that
I[(+€) = O < M((e) —1(0))-
Moreover, since [1)(-+€)—1(-)](A) € L(X), by the sum rule for the extended HP-calculus
we obtain that dom(¢(A+ ¢€)) = dom(¢(A)) and (i) holds. Since dom(A) C dom(¢)(4)),

by Proposition 3.3, we have also

[¥(A+e)x —p(A)z| < Mp(e) — P (0)][l]]

for all = € dom(A), i.e. (ii) is true.
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Furthermore, by the product rule for the extended HP-calculus, for all €,s > 0 and
x € dom(A),

(s + ¥(A) T (W(A+e) —(A)z = (Y(A+€) —9(A))(s +9(A) " a.

Hence, using (ii) and the estimate (3.9), we obtain:

I(s +(A) "z — (s + (A +€) " a|

= s+ $(A) (s + 94+ ) G(A+ )~ p(A)e]
3
< 2 @0 ~ b))zl

—0, e€—=0+, z€dom(A).

As dom(A) is dense in X, (iii) follows. O
3.4. Compatibility of functional calculi

In this subsection we show that in several cases of interest the three functional calculi
introduced above are compatible in a natural sense. This will allow us to employ these
calculi simultaneously thus using specific relations and properties of each of them.

The first result shows that the extended holomorphic functional calculus and the
Hirsch functional calculus are compatible.

Proposition 3.5. Let ¢ € CBF and let A be an injective sectorial operator on X. Then
the operator p(A) defined by the Hirsch calculus coincides with @(A) defined via the
extended holomorphic functional calculus. If p(X) = A%, q € (0,1), then the above holds
for arbitrary sectorial A.

Proposition 3.5 was proved in [2, Theorem 4.12] for injective A. The fact that it is true
for p(A) = A%, q € (0,1), and all sectorial A can be proved by repeating the argument
from [2] with the regulariser (A/(1 + )\)2)” ,n € N, replaced by the regulariser (1+\)~1.

The next statement relates the extended Hille-Phillips calculus and the extended
holomorphic calculus.

Proposition 3.6. Let 1 € BF. Suppose that 1) admits a holomorphic extension 1 to
Y, for some w € (7/2,7) so that ¥ € B(X,). Let —A be the generator of a bounded
Co-semigroup and let A be injective. Let 1¥(A) be defined by the extended HP-calculus
and @(A) be defined via the extended holomorphic functional calculus. Then
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A\ 7
Proof. Recall that there is n € N such that 7"(\) = (W) is a regulariser for

in the extended holomorphic functional calculus. Let 7"(A) be given by that calculus.
By [11, Lemma 2.5], 7™ is a regulariser for ¢ in the extended HP-calculus too, and we
denote by 777(A) the function 7" evaluated at A by means of the HP-calculus. Then,
by [13, Proposition 3.3.2] on compatibility of the holomorphic and Hille-Phillips calculi,
m(A) = 7"(A). By the same [13, Proposition 3.3.2], we have (7"9)(A) = (r74)(A).
Hence,

D(A) = (T (A) " (T D)(A) = (7H(A)) M) (A) = w(4). O

Finally, the last result in this subsection yields compatibility of the extended
HP-calculus and the Hirsch calculus for ¢ € BF of a special form.

Proposition 3.7. Let ¢ € BF. Suppose there exists 0 € (n/2,m) such that ¢ admits a
holomorphic extension ¥ to X9, and

o (.11)
Let a := %. Then the following hold.

(i) If Pa(N) := D(AY), X € C\ (—o00,0], then 1, € CBF.
(ii) If —A is the generator of a bounded Cy-semigroup, then AY* € Sect(r/(2a)) and

D(A) = Pa(AV), (3.12)

where Y(A) is defined by the extended HP-calculus, and o (AY®) is given by the
Hirsch calculus.

Proof. Note that the function @a is positive on (0, 00). Moreover, it extends continuously
to zero and maps the upper half-plane H* into itself. Hence, using Theorem 2.4, (iii),
we infer that 1, € CBF, i.e. (i) holds.

First, let A be injective. Since 1, € CBF, one has ¢ € B[Xy], so that @a(Al/“) and
@(A) are well defined in the extended holomorphic functional calculus. From Proposi-
tion 3.1, (iii) it follows that

Ya(AV) = (4).

5

Moreover, using Propositions 3.5 and 3.6, we infer that

Ya(AV) = 0a(AYY) and  P(4) = d(A),

where 1), (AY®) is given by the Hirsch calculus, and 1(A) is defined by the extended
HP-calculus, so that (3.12) holds.
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If A is not injective, then consider the family A, := A + ¢, € > 0. By the above,

P(A) = Pa(AVY),  e>0.
Due to Proposition 3.4, (ii),

lim ¢(A)x = (A)z, x € dom(A).

e—0

On the other hand, by [13, Proposition 3.1.3],
lii% Aleg = AV ey z € dom(AY?),
hence, in view of [3, Proposition 5.16],
lim Yo (AY )z = o (AY )z,  x € dom(AY®).
So,
V(A)z = ho(AY)z, e dom(AY?).

Since dom(A'/®) is core for 1(A) and ¥ (A ) by Proposition 3.3 and [11, Lemma 2.1],
respectively, we obtain (3.12). O

4. Main results: holomorphy and preservation of angles

Recall that a Cy-semigroup (e_tA)tZO on X is said to be holomorphic if it extends
holomorphically to a sector ¥y for some 6 € (0, 5] and the extension is bounded on
Yoo N{A € C: |\ < 1} for any €' € (0,0). In this case, we write —A € H(0). If the
extension is bounded in ¥, whenever 0 < 6’ < 6, then (e~4);>( is said to be a sectorially
bounded holomorphic semigroup of angle 6, and we then write —A € BH(6). (The word
“sectorially” in the definition above is usually omitted in the relevant literature, as, for
instance, in [1], [8] or [3].) Note that (e*4);~¢ may admit a holomorphic extension to
Yy as above without being sectorially bounded (as already one-dimensional examples
show). A sectorially bounded holomorphic Cp-semigroup can be characterized in terms
of the sectoriality property for its generator. Recall that if € (0, 7/2] then —A € BH(6)
if and only if A € Sect(n/2 — 0), see e.g. [1, Theorem 3.7.11].

Berg, Boyadzhiev and de Laubenfels proved in [3, Propositions 7.1 and 7.4] that if
—A € BH(9) and 0 € (/4,7 /2], then for any 1) € BF the operator —1)(A) generates a
sectorially bounded holomorphic Cy-semigroup, and if —A € BH(xw/2), then —¢(A) €
BH(7/2) too. They also asked in [3] whether the statement holds for 6 from the whole of
the interval (0, 7/2]. In Theorem 4.5 below, we remove the restriction on ¢ and prove the
result in full generality thus solving the problem posed in [3]. Moreover, we show that
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(e7t¥(4)),5 is holomorphic in the holomorphy sector of (e~%4)

+>0. As byproduct, in
Corollary 4.7, we also answer the question by Kishimoto—Robinson from [18] mentioned
in Introduction. To this aim, we will first need to prove several results on functional
calculi allowing one to apply Theorem 2.8.

First, we will need an estimate for the resolvent of ¢(A). In [3, Theorem 6.1 and

Remark 6.2] it was proved that if ¢ € CBF then
A € Sect(w) = ¢(A) € Sect(w), w € [0,7/2). (4.1)
The proof of (4.1) there was based on the fact that
¢ € CBF = [p(\)]"/" € CBF,  q€(0,1), (4.2)

and on a result similar to Theorem 3.2. In the statement below, we extend (4.1) to the
whole class of sectorial operators.

Theorem 4.1. Let A € Sect(w), w € [0,7). If ¢ € CBF, then (A) € Sect(w) too.

Proof. In this proof, we will combine the (extended) holomorphic functional calculus
and the Hirsch functional calculus. This is possible due to compatibility of the calculi
given by Proposition 3.5.

Assume first that w > 0. Let ¢ € (1,7/w). Recall first that by Theorem 3.2, (i), the
operator ¢(A) is sectorial. For A € C\ (—00,0], define g /4(A) 1= A/ and g4(A) := A9
Note that ¢, := gsopo0g1,, € CBF (see [32, Corollary 7.15]). Moreover, ¢ o g, ,, € CBF,
and A? is sectorial in view of Proposition 3.1, (ii). Now we use the Hirsch functional cal-
culus. By Theorem 3.2, (i) the operator [po g;,4](A?) is sectorial, so by Theorem 3.2, (ii)
we infer that

g (AN = (g4 0 9 © g1/¢) (AN = [p 0 g1/g](A7).

Furthermore, observe that (A49)'/9 = A by the (extended) holomorphic functional cal-
culus. Hence, taking into account Proposition 3.5 for power functions and using Theo-
rem 3.2, (ii), we conclude that

[ 0 914 (A7) = @((A1)/9) = p(A).
Therefore
p(4) = [pg(AN]V7, (4.3)
and, due to Proposition 3.1, (ii), we obtain that
©(A) € Sect(m/q). (4.4)

Since g € (1,7 /w) is arbitrary, it follows that ¢(A4) € Sect(w).
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If w = 0 then, since Sect(0) = Ny (0, Sect(w), the above arguments yield p(A4) €
Sect(0). O

Let now —A € BH(9) for some 0 € (0,7/2] so that for every w € (0,7/2 + 0),

M(A,w)

I+ A7 < ——
RY

Ae X, (4.5)
Let w € (7/2,7/2+6) be fixed. Let also ¢ be a Bernstein function, ¢ be the complete

Bernstein function associated to 1, and the function r be defined as in Theorem 2.8.
Define r(4,-) : &, — L(X) and F(4,) : ¥, — L(X) by

Ly L (A1
r(A;z) = 5 r(A2)(A—A)7 dA, (4.6)
82/3
and
1 Ar(A; z) .
F(A;2):= 5 O+1)2 (A= A)" dA, (4.7
62/3

where § € (7/2 — 6,7 — w) is arbitrary and Xz is oriented counterclockwise. In view of
Theorem 2.8 and Cauchy’s theorem, the functions r and F' are well-defined.

We continue by providing sectoriality estimates for r in appropriate sectors and ex-
pressing F' via r.

Proposition 4.2. Let —A € BH(0) for some 6 € (0,7/2] so that (4.5) holds. Then for
everyw € (m/2,m/240), r(A,-) is holomorphic in X, and for every f € (7/2—0, 1 —w),

AM(A, 7 - B)

I (45 2)1| < mcos? 3 cos?((w+ 6)/2) |z|

z € Xy

Proof. The estimate for r(A4; z) follows from (4.6), Theorem 2.8 and (4.5). The holomor-
phy of r(A4,-) in X, is a direct consequence of Fubini’s and Morera’s theorems. O

Lemma 4.3. Let r(A;z) and F(A;2) be defined by (/.6) and (4.7), respectively. Then for
every w € (w/2,7/2+0),

F(A;2) = A(A+1)"2r(4;2), z €X,.

Proof. Note that for every A € C\ (—o0,0),

ﬁ —A(A—l—l)*Q: P‘(A_’_l)z—(/\—l-l)ZA]%
(450

= A= DA-N T
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Therefore, by (2.26), for every € X one has

(AZ)ff—( +1) 7 (A 2)x

-1
2m [1+)\ A+1) (AN—A)""xd\
1 r(A; 2) 9
S —— A—-—1)(A+1
i ()\+1)2(/\ YA+ 1) zdA
05,
1 r(A; z) 9
= — — 7 (A+1
2m’/(/\+1)2( +1) " wdA
0%,
1 Ar(A; 2) 9
o5,
=0. O

The following statement relating the resolvents of ¥(A) and ¢(A) will be basic for
proving the main result of this paper, Theorem 4.5. It shows that the resolvents do
not differ much as far their behavior at infinity is concerned. Note that if ¢y € BF and
—A € BH(0), 0 € (0,7/2], then ¢(A) given by the extended HP-calculus coincide with
1(A) defined by the extended holomorphic calculus. The proof of this fact is the same
as that of Proposition 3.6.

Proposition 4.4. Let —A € BH(0) for some 8 € (0,7/2]. Then for every w € (7/2,
/24 6),

(z4+Y(A) = (2 + @A) +7(4; 2), z € X, (4.8)

Proof. Suppose first that A has dense range. Then the operators (z + ¢)~!(A) and
(2+p) " 1(A) are well-defined for z > 0 via the (extended) holomorphic functional calculus
with the regulariser 7(A) = A/(1 + A)2. On the other hand, since —¢(A4) and —p(A)
generate bounded Cy-semigroups, we have that

(z+P(A) P e L(X) and (z+p(A)7! € L(X), z>0.
Moreover, by [13, Theorem 1.3.2, f)], if z > 0, then
(4 B(A) " = (4 6)71(A) and (2 +9(A) " = (2 +¢) " (A).
Hence, using the sum rule for the (extended) holomorphic functional calculus,

(z+9(A)7 = (z+e(A) " =z +¢)7 = (z+¢)7'(4).
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Furthermore, using the product rule for this calculus,

(2 +9(A)) ™ = (2 +9(A) 7" = [r(A)] (= +9) 7" = (2 +9)")7](A4)

From the latter relation and Lemma 4.3 it follows that
(+9(A) " =GE+e(A)  +r(42),  z>0. (4.9)

To obtain (4.9) in case when the range of A may not be dense, we consider the
approximation of A by the operators A, with dense range given by

Ac:=A+ec BH(0), €>0.
By (4.9) we have
(z+9P(A)) " = (z+ 0(A)) "  =r(Ag2), 2>0, e>0. (4.10)

Next we use the extended HP-calculus. By applying Proposition 3.4, (iii) to the Bern-
stein functions ¢ and ¢, we infer that

lim (2 + ¢(A) 7" = (2 + 9(A)) 71 = (2 +9(A) 7" = (2 + 0(4)) 7

e—0

in the strong operator topology. On the other hand, since
A+ €| > cos(5/2) (|A| +¢), A€ 033, e>0
(see (2.4)), for A € 0¥ one has

MAAm—B) __ M(A7—f)

B N S A ’
IA=N"=A=2A=97l < =357 = cos(B/2) (N + 9

So, by (4.6), Theorem 2.8 and the bounded convergence theorem, we obtain that

1
[r(A;2) = r(Ag 2)|| < o / Ir2)[(A=X) "= (A= X—e)7 | |dA]
82[3
_MPAR=B) [ Ir(s2)
- 2m IA|(JA] + €)
%4

|dA

— 0, e — 0.

Letting € — 0 in (4.10), the equality (4.9) follows.
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Thus, (-+1(A)) ! satisfies (4.9) and extends holomorphically to 3, as both r(+, A) and
(- + ¢(A))~! have the latter property by Proposition 4.2 and Theorem 4.1, respectively.
Then, [1, Appendix B, Proposition B5] implies that 3, C p(—(A)) and the extension
is given by (- + ¢(A))~!. This yields (4.8) for all z € ¥,,. O

Now we are ready to prove the main results of this paper. The first of them shows
that Bernstein functions leave the class of generators of sectorially bounded holomorphic
semigroups on a Banach space invariant and, moreover, preserve the holomorphy sectors.

Theorem 4.5. Let —A € BH(8) for some 6 € (0,7/2]. Then for every ¢ € BF one has
—(A) € BH(H).

Proof. Let ¢ € CBF be the function associated with ¢ € BF. By Theorem 4.1, if
—A € BH(6) then —p(A) € BH(0). Taking into account Propositions 4.2 and 4.4, we
infer that ¢(A) € Sect(r — w) for every w € (w/2,7/2 + 0). Choosing w arbitrarily close
to /2 + 6 we conclude that (A) € Sect(nw/2 — 0). Hence, —p(A) € BH(#). O

Theorem 4.5 has a version saying that Bernstein functions preserve the class of
bounded (but not necessarily sectorially bounded) holomorphic Cp-semigroups. This
version is an immediate consequence of Theorem 4.5 and the following lemma.

Lemma 4.6. Let —A be the generator of a bounded Cy-semigroup on X and let ¢ € BF.
Suppose there exists d > 0 such that —yp(A +d) € H(O) for some 0 € (0,7/2]. Then
—9(A) € H(0).

Proof. We use the extended HP-calculus. By Proposition 3.4, (i), we have
YA+ d) =¢(A) + [U(-+ d) —¢()[(A) = ¥(A) + Bq,
where By € L(X). By the product rule for the (extended) HP-calculus we have
((A+d)+5)" (Ba+s)" = (Bats) " (¥(A+d) +5)7"

for sufficiently large s > 0. Then by [25, Section A-1.3.8, p. 24] the Cp-semigroups
(e7A+d), oo and (e7'P4),;5o commute. Taking into account that dom(i(A)) =
dom(¢(A + d)) by Proposition 3.4, (ii) and using [8, Subsection I1.2.7], we conclude
that

et (A) — e*“/’(Aer)eth’ t>0.

Since (e!P4),5( extends to an entire function, the statement of the lemma follows. O
Corollary 4.7. Let —A be the generator of a bounded Cy-semigroup on X such that

—A € H(O) for some 6 € (0,7/2]. Then for every ¢ € BF one has —(A) € H(0).
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Proof. Observe that if (e7*4);>¢ is a bounded Cp-semigroup admitting a holomorphic
extension to g, 0 € (0,7/2], then by e.g. [1, Proposition 3.7.2b)] we infer that for
fixed ¢’ € (0,0) and big enough d > 0 the operator —(d + A) generates a Cy-semigroup
(e‘t(d+A))t20 which is holomorphic and sectorially bounded in ¥gy/. Therefore, by The-
orem 4.5 the Co-semigroup (e~ *¥(4+4)),5 is also holomorphic and sectorially bounded
in ¥g,. By Lemma 4.6, —1(A) generates a bounded Cy-semigroup which extends holo-
morphically to 3¢/. Since the choice of 8" € (0, ) is arbitrary, the corollary follows. O

Remark 4.8. It was claimed in [21, Theorem 7.1] that if —A is the generator of a bounded
Co-semigroup on X then —A € Ugg(o,x/2)H(f) implies the same property for —i(A).
Unfortunately, the proof of this fact in [21] seems to contain a mistake. Specifically, in
the notation of [21], the proof at its final stage relies on the boundedness of the operator
1(A)g¢(A) which was not proved in [21]. Nonetheless, the holomorphy of (e~ *¥(4)),5( was
proved in [24, Theorem 13] for uniformly convex X by means of the Kato—Pazy criterion.
(Concerning the Kato-Pazy criterion see [17] and [26, Corollaries 2.5.7 and 2.5.8].)

Let —A be the generator of a bounded Cy-semigroup, and let the range ran(A) of
A be dense (so that A is injective by the mean ergodic theorem, see e.g. [1, p. 261]).
Consider so-called Stieltjes functions f : (0,00) — (0,00) which can be defined by the
property that 1/f € CBF. Note that for Stieltjes f the operator —f(A) does not, in
general, generate a Cop-semigroup. For example, if f(z) = 1/z then f(A) = A™1, and a
counterexample can be found in [12]. On the other hand, for generators of sectorially
bounded holomorphic Cy-semigroups the situation is different, as we prove in Corol-
lary 4.10 below.

Let us first introduce the notion of potential and define several operators related to
it. Recall (see e.g. [32, Definition 5.24]) that a function f : (0,00) — (0,00) is said to
be potential, if there exists ¢ € BF such that f = 1/¢. The set of all potentials will
be denoted by P. Note that P consists precisely of completely monotone functions f
satisfying 1/f € BF.

Assume that A € Sect(w) for some w € [0,7/2), and, in addition, that ran(A) is dense.
Let f be a potential so that f = 1/¢ for some ¢» € BF. Then from the estimates of
Bernstein functions in Proposition 2.3, (ii), (iii) and (iv) it follows that ¢¥(A) and f(A)
can be defined by the extended holomorphic functional calculus using the regulariser e,
given by

A 2
ec(\) == (m) , (4.11)

where € > 0 is fixed. Therefore, by [13, Proposition 1.2.2, d], we have

FA) = [p(4)~. (4.12)
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Moreover, for every h of the form h = ¢ + f, where ¢ € BF and f € P, the (closed)
operator h(A) can also be defined by the extended holomorphic calculus via the regu-
lariser e., € > 0. Observe that from the product rule in Proposition 3.1, (i) it follows
that ran(e.(A)) C dom(h(A)), € > 0. Since ran(e.(A4)) = ran(A4?) N dom(A?), € > 0, and
the latter set is dense in X (see [20, Proposition 9.4, b) and c)]), the operator h(A) is
densely defined.

Lemma 4.9. Assume that h =+ f,7p € BF,f € P, and A € Sect(w), w € [0,7/2). If A
has dense range then

P(A) + f(A) = h(A).

Proof. If e., € > 0, is given by (4.11), then

lime.(A)z = x, r e X,
e—0

and the statement follows from [13, Proposition 1.2.2, ¢)]. O
Now we can extend the class of admissible ¢ in Theorem 4.5.

Corollary 4.10. Suppose that —A € BH(0) for some 6 € (0,7/2] and the range of A is
dense. If h = + f, where ¢ € BF and f € P, then —h(A) € BH(9).

Proof. First note that by Theorem 4.5 we have —i)(A) € BH(6). Moreover, by [13,
Proposition 2.1.1, b)], inverses of generators of sectorially bounded holomorphic
Cy-semigroups of angle 6 generate semigroups of the same kind. Thus, by Theorem 4.5
and (4.12), —f(A) € BH(0) as well.

From the product rule for the (extended) holomorphic functional calculus it follows
that for every s > 0:

[(s + 9 ()7 s + F)T(A) = (s +9(A) T s+ f(A)
= (s + f(A) " (s +w(A)~"

Hence, as in the proof of Lemma 4.6, the semigroups (e~*¥(4);5y and (e=*/(4);5
commute. Then, by [8, Subsection 11.2.7], —¢(A) — f(A) generates the Cp-semigroup
(e=tMe=t(A)), o and therefore —)(A) — f(A) € BH(6). From this, by Lemma 4.9,
it follows that —h(A) € BH(6). O

Note that in the particular case when ¢ € CBF and f is a Stieltjes function (i.e.
1/f € CBF), Corollary 4.10 was proved in [3, Theorem 6.4].
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5. Carasso—Kato functions

Let us first recall some notions and results from [6]. To this aim and for formulating
our results in this section the next definition will be helpful.
A Bernstein function v is said to be Carasso—Kato if for every Banach space X,

and every bounded Cp-semigroup (e~*4)

>0 on X, the Cp-semigroup (e~ *¥(A)),5 is
holomorphic.

Following [6], denote the set of vaguely continuous convolution semigroups of subprob-
ability Borel measures on Ry by 7. Let Z stand for the set of (1;);>0 € T such that the
Bernstein function 9 given by (i);>0 via Bochner’s formula (2.28) is Carasso—Kato. Let
us finally denote by 71 C 7 the set of functions Ry > ¢ — p; such that y, is continuously
differentiable in My(Ry.) for ¢ > 0, with ||/ ||n,r,) = O(t™1) as t — 04

Recall that by [6, Theorem 4] one has Z = 7;. Moreover, it was noted in [6, p. 872]
that if ¢ € BF is given by (u¢)t>0 € Z, then

P(Cr) By - ={AeC: A+p€X,} (5.1)

for some v € (0,7/2) and 8 > 0. Hence, as shown in [6, p. 873], there exists K > 0 such
that

< KNP =1, AeCs.

While [6] describes Carasso-Kato functions ¢ in terms of the families of measures (p4)¢>0
corresponding to ) via (2.28), the results of [6] are not so easy to apply since one is usually
given 1 rather than the corresponding family (f;);>0. The aim of this section is to single
out substantial classes of Carasso-Kato functions ¢ in terms of geometric properties of
1) themselves.

Note first that if ¢ € BF and ¢ is Carasso—Kato then clearly ¢ o1 is Carasso—Kato.
Corollary 4.7 and the composition rule (3.10) yield immediately that i o ¢ is Carasso—
Kato as well, and we separate this fact as the following corollary.

Corollary 5.1. Let ¢ € BF and let ¢ be a Carasso—Kato function. Then 1 o ¢ is also
Carasso—Kato.

Remark 5.2. Let ¢, o € BF, so that
e ) = /64‘8 pe(ds), e N = /e*)‘s n(ds), A>0, t>0,
0 0
for some (p1)1>0 and (v¢)i>0 from 7. Then, by [32, Theorem 5.27 and Lemma 13.3],

(o)
o t(oR) (V) _ /e—AT m(dr),
0
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where (n;)i>0 € T is given by a convolution formula

/1/S (dr) pe(ds), (5.2)
0

where the integral converges in the vague topology. Thus, if ¢ € BF and ¢ is Carasso—
Kato then, in view of Z = 71, we infer that (n:)¢>0 € T1.

Example 5.3. a) It was proved in [6, Example 1] that the function ¢(\) = log(1 + \) is
Carasso—Kato. Note that

e—tlog(1+)\) 1+)\ /6 sA —s_ds t > 0.
0

Hence, by means of (2.28), the function ¢ corresponds to the semigroup of measures
(Vt)e>0, where

vi(ds) =

ds, t>0.

From Corollary 5.1 it follows that for every (u:)i>0 € T, the semigroup (n;)¢>0 given by

s—1
n(dr) = /T pi(ds) | e 7 dr, t>0,

belongs to 7.
b) Consider the complete Bernstein function ¢(\) = v/A. Observe that

—t?/4s

oo

—eaz U -as€

e —Zﬁ/e 372 ds, t>0,
0

and it easy to check that ¢ is Carasso-Kato, see e.g. [6, Example 2]. By Corollary 5.1
for each (p¢)i>0 € T one has (1;)i>0 € T1, where

o0

1 2 dr
_ —s“ /4T
Ut(dT) - 2ﬁ /56 ,uf(ds) 73/27 t > 0.
0

We proceed with several new conditions for a function to be Carasso—Kato. Roughly,
they say that the function is Carasso—Kato if it shrinks an angular sector to a smaller
one.

The first statement provides a geometric condition for a stronger version of the
Carasso—Kato property. Recall that E‘B" ={AeC:0<argh< g}
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Theorem 5.4. Let ¢» € BF. Suppose there exist 01 € (0,7) and 65 € (7/2,7), ;1 < 02,
such that ¥ admits a holomorphic extension @ZJ to X, and

P(SF) C oF (5.3)

Then ¢ is a Carasso—Kato function. Moreover, for any generator —A of a bounded
Cy-semigroup on X, one has

02
Proof. Let
02 ™
a:=—¢€(1/2,1) and B:=—>1
™ 61

For A € C\ (—00,0], define go(A) := A* and gg(A) := M. Then, by (5.3), both functions
hoge and 93 o1)o g, map the upper half-plane H™ into itself. Hence, using Theorem 2.4,
(iii), we conclude that

Y oga € CBF and gg o Yo ga € CBF. (5.4)
Since m/(2a) < =, Proposition 3.1, (ii) yields AV € Sect(w/(2a)). Thus, in view
of (5.4), the composition rule in Theorem 3.2, (ii) and Theorem 4.1 imply that
n 1/« 7 1/« /8
[0 gal(4Y/%) = (g5 % 0 gal(41/)) " € Sect(n/(2a), (5.5)

where the operators are defined by the Hirsch functional calculus.
Moreover, by Proposition 3.7, (ii),

D(A) = (¢ 0 ga)(AV).

Hence, using (5.5), we obtain that ¢(4) € Sect(g73). Since af = z—f, the required
statement follows. O

Theorem 5.4 yields the following assertion providing a geometric condition for the
Carasso—Kato property. The assertion is, in fact, Theorem 1.3 mentioned in Introduction.

Corollary 5.5. Let ¢ € BF. Suppose there exist 0 € (n/2,7) and r > 0 such that v
admits a holomorphic extension 1& to X, and

bN) eXL, for XeXy, A =r

Then ¢ is a Carasso—Kato function. Moreover, for any generator —A of a bounded
Co-semigroup on X, one has —(A) € H(F(1 — 55)).
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Proof. From our assumptions it follows that there exists d > 0 such that the Bernstein
function 4 given by

Ya(A\) =Y (A + d), A>0,
admits a holomorphic extension 1y to Zp, and
Ya(N) € E:/z for Aex;.

Therefore, by Theorem 5.4 with f3 = 6 and 6; = /2, if — A is the generator of a bounded
Co-semigroup then —¢q(A) = —¢(A+d) € BH(6y), where

w=5(5)<03)

Then, by Lemma 4.6, we conclude that —(A) generates a bounded Cp-semigroup pos-
sessing a holomorphic extension to ¥g,. O

Note that Corollary 5.5 generalizes and improves Fujita’s conditions from [9, p. 337
and Lemma 2| ensuring that a Bernstein function ¢ is Carasso-Kato. In particular,
Corollary 5.5 shows that one can omit Fujita’s condition (A3) and his assumption that
1 is regularly varying. Indeed, Fujita’s assumptions (A1) and (A2) imply that there exist
a € (0,1) and 0, € (7/2,7/(2a)) such that for a sufficiently large r > 0 the function
has a holomorphic extension 1) to Eét“ and

bN) eSY, CBh, i Aex), A=
so that the assumptions of Corollary 5.5 are satisfied.

Let us illustrate Corollary 5.5 by the next example.

Example 5.6. To simplify our notation in this example we identify functions with their
holomorphic extensions.

Consider the Bernstein function f(A) = A+ 1—e ™, A > 0. If A = re'd, 3 € [0,7/2],
then

Im(f(\)) = rsin g + e "< Fsin(rsin B) > (1 — e " P)rsin f > 0.
Let « € (1/2,1) be fixed. Then the function
faN) = fA) =22 +1 - A>0, (5.6)
is Bernstein as the composition of Bernstein functions. Moreover, f, extends holomor-

phically to C\ (—o0,0]. Since f,(\) € Z:/2 for A € E:/(Za), the function f, satisfies the
assumptions of Corollary 5.5 with 0 = 5= € (7/2, 7). Hence, f, is Carasso-Kato. (Note
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that on the other hand, in view of (5.6), one may apply the composition rule (3.10) and
Theorem 4.5 to arrive at the same conclusion.)
Let now

TZ}()‘) = log(l + )‘)’ ga(>‘> = fa(>‘) : ¢(A1_a)7 A€ (C\ (700,0],

where one chooses the main branch of the logarithm. Clearly, g, is holomorphic in
C\ (—o0,0]. Moreover, g, is Bernstein by [32, Proposition 3.8, (vi)].

Let v € (a, 1) be fixed. Observe first that f,(\) € E;L/Q for A € E:r-’y/(Qa)' On the
other hand, from Proposition 2.2 it follows that fo(\) € X(r/2)y if A € Ery/(2a)- So,
fa(X) € E?;r/?)v for \ € E:'y/(Qa)' Finally, note that Im(y(\)) € (0,7) for A € H' and
P(A) € Cy for A € C\ (—o0,0] such that |A| > 2. Summarizing the observations above,

we infer that

ga(N) €Cy if XeXT o Al >7ay,
where
1/(1—a) 1/(1-a)
= gl/-a) (14 T {1+ " :
Ta,y i= Max ( 1+ cos(m7/2) + cos(77/2)

et

52, and then g, is Carasso—

So, g, satisfies the assumptions of Corollary 5.5 with 6§ =
Kato.

Note that g, ¢ CBF since it does not have a sublinear growth in 3 3. Moreover,
since

9a(N) =220+ O(A*7?), A =0, AeCy,

o is not of the form u(A\?), for u € BF and 3 € (0, 1), and Theorem 4.5 is not applicable
to gq-

Now we turn our attention to Carasso—Kato functions 1 which are, in addition, com-
plete Bernstein functions. As in the situation of Theorem 5.4, we first require ¢ to map
the generators of bounded Cy-semigroups into the generators of sectorially bounded holo-
morphic Cy-semigroups. Such ) can, in fact, be characterized in an elegant way as the
following statement shows. (It corresponds to Theorem 1.2 from Introduction.)

Theorem 5.7. Let 1» € CBF and let v € (0,7/2) be fized. The following assertions are
equivalent.

(i) One has

¥(Cy) C Xy



190 A. Gomilko, Y. Tomilov / Advances in Mathematics 283 (2015) 155-19/

(ii) For each Banach space X and each generator —A of a bounded Cy-semigroup on X,
the operator —(A) belongs to BH(w/2 — 7).

Proof. The implication (ii) = (i) follows from [6, Theorem 4] and its proof. So, it suffices
to prove that (i) implies (ii).

Assume that (i) is true. We can also assume that ¢ Z const. Then, by Theorem 5.4
and Proposition 2.5, we obtain that if 6y € (7/2,7) is given by

coty
|cosbyg| = ———
coty+1
then for every 0 € (7/2,0) one has
s 0
where § = 0(6) € (0,7/2) is defined by
~ t 1 t
cot§ = & .fYJr ( vy cos@) .
sin 6 coty+1
Since
lim 6(0) =
o, 0) =",

considering ¢ in (5.7) arbitrarily close to 7/2, we obtain (ii). O

Let us recall that (5.1) is necessary for ¢ € BF to be a Carasso—Kato function. The
next statement shows that if moreover ¢p € CBF then (5.1) is also sufficient thus providing
a characterization of the Carasso—Kato property for complete Bernstein functions.

Corollary 5.8. Let ¢ € CBF. Then v is Carasso—Kato if and only if there exist v €
(0,7/2) and B > 0 such that (5.1) holds. Moreover, if (5.1) holds and if —A generates a
bounded Cy-semigroup on X, then —y(A) € H(n/2 — 7).

Proof. It is sufficient to show that (5.1) implies that ¢ is Carasso-Kato. If (5.1) is
satisfied, then set ¥g(A) := (A + B) and note that ¢g € CBF for each 5 > 0. By
applying Theorem 5.7 to g, we obtain that

—p(A) = (B + A) € BH(r/2 = 7)

for any generator —A of a bounded Cy-semigroup on X. Then, using Lemma 4.6, we
conclude that —i(A) generates a bounded Cp-semigroup having a holomorphic extension
toX=_.. O

5~
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Appendix A

It is an open question whether for any « € (0, 1),
Y € BF = [p(\*)]Y/* € BF. (A1)

A positive answer to this question would allow one to apply the methods from [3] directly
and to obtain Theorem 4.5 and its corollaries in a comparatively simple way. Let us
analyze the property (A.1) in some more details.

Apart from the situation described in (4.2), it is known that (A.1) is true if « = 1/n,
n € N [3, Proposition 7.1] (see also [28, Remark 12]). The following Proposition A.2
generalizes [3, Proposition 7.1] and (4.2) in the case when « € (0,1/2] and ¢ € BF,
and it extends these statements for any o € (0,1) if ¢ is a so-called special Bernstein
function. Recall that a non-zero v € BF is said to be a special Bernstein function, if
A/YP(N) € BF as well. The class of special Bernstein functions will be denoted by SBF.
By Theorem 2.4, (iii) we have CBF C SB.F.

The proof of the proposition is based on the next lemma.

Lemma A.1. Let v € BF, and let a € (0,1). For 8 > 0 define

ay\ B
Ya,g(A) == (w(; )> ) A > 0. (A.2)

Then vy, is completely monotone for all oo € (0,1/2] and 8 > 0. If 1) € SBF, then ¥, s
is completely monotone for all a € (0,1) and 8 > 0.

Proof. If ) € BF and « € (0,1/2], then by [32, Proposition 7.22] one has
fa(A) == A" %p(A¥) € CBF,

so that A/ fo(N\) € CBF and, by [32, Theorem 3.7, (ii)], for any 8 > 0,

=P - [

is completely monotone. Let now « € (0,1) and ¢ € SBF so that ¢)(A) = A/f(A), f €
BF. Since the set BF is closed under composition, f(A%) is a Bernstein function. Hence,
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by [32, Theorem 3.7, (ii)], the function 1, 5(A) = [f(A*)]77 is completely monotone for
any 3 > 0 as the composition of completely monotone and Bernstein functions. O

Proposition A.2. Let o € BF, and let Yo (\) := [W(A*)]V*, a € (0,1). If a € (0,1/2],
then Yo (\) € BF. If a € (0,1) and, in addition, v € SBF, then v € SBF too.

Proof. For o € (0,1) and 3, = 1/a — 1 consider 9, g, given by (A.2). By Lemma A.1,
if € BF and a € (0,1/2] then 1, g, is completely monotone.
Observe further that

Vo (A) =¥ (A)Pap, (A),  A>0. (A.3)

If ¢» € BF, then ¢'(A%) is completely monotone being the composition of completely
monotone and Bernstein functions. Hence, since the product of completely monotone
functions is completely monotone, we infer that v/, is completely monotone for every
a € (0,1/2]. Thus 9, € BF.

If, in addition, a € (0,1) and ¢ € SBF then, by Lemma A.1, the function ¢, g, is
completely monotone. Hence, arguing as above, from (A.3) it follows that in this case
1!, is completely monotone, and then ¢, € BF. O

Example A.3. Note that (A.1) does not imply that ¢ € SBF. For instance, if

3 L A2+
Y=g T o M0

then ¢ € BF since ¢'(\) = 2(1 + A\)~2 is completely monotone. At the same time,
¥ ¢ SBF since (\/1(\))’ =1 —1/(2+ A)? is not completely monotone.
On the other hand, we have

A

Y= R

where
1 A
fl()\)zl-i-/\ECB]:, and f2(/\):§+m606]:

Thus, if « € (0,1), then

2

(WD) = ey - AQOI Ao (]~

is completely monotone. Indeed, f;(A*) € BF, j = 1,2, and from [32, Theorem 3.7, (ii)] it
follows that [f;(A*)]77, j = 1,2, are completely monotone for 3 > 0. Hence ([t)(A\*)]*/«)’
is completely monotone as the product of completely monotone functions, and then
[p(A*)]/> € BF.
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